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Abstract 

In this paper we introduce and study a twisted tensor product construction 
of nonlocal vertex algebras. Among the main results, we establish a universal 
property and give a characterization of a twisted tensor product. Furthermore, 
p r we give a construction of modules for a twisted tensor product. We also show 

<^ | that smash products studied by one of us before can be realized as twisted tensor 
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products. 

1 Introduction 

For associative algebras, there is a notion of twisted tensor product, generalizing the 
notion of tensor product. Let A and B be two associative unital algebras. A twisted 
tensor product A ®r B (see [CSV], |VV] ) is associated to each twisting operator R in 
the sense that R: B ® A — > A® B is a, linear map satisfying 



R(\ g) a ) = a® 1, i2(6®l) = l®6 for a G A, b G B, 
m : R{^ B ®\) = {\® n B )R X2 R^ R{1® n A ) = {n A ®l)R 2 ^R 12 , 



where /ja arid [is denote the multiplications of A and B. The multiplication /i of 
A ®# B is given by 

/i(a ® b ® a' ® b') = (fi A ® A*b)(o ® <g> a') ® 6') 



for a, a' G A, 6, b' G -B. Twisted tensor product, as well as its generalizations, provides 
an effective tool to construct new algebras for various purposes (cf. |PPOj ). 

Vertex algebras are both analogues and generalizations of commutative and asso- 
ciative unital algebras, while nonlocal vertex algebras (or field algebras in the sense of 
|BK] ) are analogues and generalizations of associative unital algebras. In |EK] . one of 
an important series of papers, Etingof and Kazhdan developed a fundamental theory 
of quantum vertex operator algebras in the sense of formal deformation, where quan- 
tum vertex operator algebras are (ft-adic) nonlocal vertex algebras (over C[[^]]) which 
satisfy what was called iS-locality. Partly motivated by this, we developed a theory 
of (weak) quantum vertex algebras (see |L3j . |L4j). where weak quantum vertex alge- 
bras are generalizations of vertex super algebras, instead of formal deformations. Weak 
quantum vertex algebras in this sense are nonlocal vertex algebras that satisfy a varia- 
tion of Etingof-Kazhdan's 5-locality. In this developing theory, constructing interesting 
examples of quantum vertex algebras is one of the most important problems. 
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In this paper, we study twisted tensor products of nonlocal vertex algebras and 
of (weak) quantum vertex algebras. The main purpose is to build various tools for 
constructing new interesting quantum vertex algebras. Let U and V be two nonlocal 
vertex algebras. We define a twisting operator to be a linear map 

R(x) : V®U^ U® V®C{(x)), 

satisfying a set of conditions which are stringy analogues of those listed before for a 
twisting operator with associative algebras. The underlying space of the twisted tensor 
product U ®r V associated to R is U ® V, while the vacuum vector is Ijj <g> ly and the 
vertex operator map, denoted by Yr, is given by 

Y R (u®v,x){u'®v') = (Y v (x) ®Y v (x))(u® R(x)(v ®u) ®v') 

for u, u' G U, v, v' G V. It is proved that U ®rV is a nonlocal vertex algebra, containing 
U and V canonically as subalgebras which satisfy a certain commutation relation. (If 
both U and V are weak quantum vertex algebras, it is proved that U ®r V is a weak 
quantum vertex algebra.) On the other hand, it is proved that if a nonlocal vertex 
algebra K, which is non-degenerate in the sense of (EKj, contains subalgebras U and V 
satisfying a certain commutation relation, then K is isomorphic to the twisted tensor 
product U ®r V with respect to a twisting operator R(x). Also established in this 
paper is a universal property for the twisted tensor product U ®r V, similar to the 
one for the ordinary tensor product U ® V . Regarding U ®r F-modules, it is proved 
that a [/-module structure and a ^-module structure compatible in a certain sense on 
a vector space W give rise to a U ®r ^-module structure canonically. 

In [L5j , a notion of nonlocal vertex bialgebra and a notion of nonlocal vertex module- 
algebra for a nonlocal vertex bialgebra were formulated, and a smash product construc- 
tion of nonlocal vertex algebras was established. Given a nonlocal vertex bialgebra H 
and for a nonlocal vertex if-module algebra U, we have a smash product U%H. In the 
present paper, we slightly generalize the smash product construction with H replaced 
by what we call a nonlocal vertex if-comodule-algebra, and we show that the smash 
product U$V is a twisted tensor product with respect to a canonical twisting operator. 

This paper was partly motivated by a recent study |LSj on regular representations 
for what we called Mobius quantum vertex algebras. Previously, a theory of regular 
representations for a general vertex operator algebra V was developed in |Llj . where 
the regular representation space was proved to have a canonical module structure for 
the ordinary tensor product V ® V. Furthermore, under suitable assumptions on V, a 
result of Peter- Weyl type was obtained. In [LSj we extended this theory for a Mobius 
quantum vertex algebra V, and we proved that the regular representation space has a 
canonical module structure for a certain twisted tensor product of V with V, instead of 
the ordinary tensor product. This motivated us to study more general twisted tensor 
products of nonlocal vertex algebras. 

We mention that Anguelova and Bergvelt studied a notion of what they called Hp- 
quantum vertex algebra in |AB| and they gave a construction by employing Borcherds' 
bicharacter construction (see |Boj ). 
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This paper is organized as follows: In Section 2, we present some basic notions and 
twisted tensor product. In Section 3, we show that twisted tensor products are (weak) 
quantum vertex algebras if the tensor factors are (weak) quantum vertex algebras. In 
Section 4, we show that smash products of nonlocal vertex algebras over a nonlocal 
vertex bialgebra are twisted tensor products. 

Acknowledgment: H. Li gratefully acknowledges financial support from the United 
States National Security Agency under grant H98230-11-1-0161. Part of this work was 
done during a visit by H. Li at Kavli Institute for Theoretical Physics China, CAS, 
Beijing, 2010. We would like to thank KITP for the financial support during the visit; 
This research was supported in part by the Project of Knowledge Innovation Program 
(PKIP) of Chinese Academy of Sciences, Grant No. KJCX2.YW.W10. 

2 Twisted tensor product nonlocal vertex algebras 

In this section, first we define the notion of twisting operator and construct the twisted 
tensor product nonlocal vertex algebra. Then we establish a universal property and 
give a characterization of the twisted tensor product. We also present an existence 
theorem for a module structure for the twisted tensor product. 

We begin by recalling the notion of nonlocal vertex algebra. A nonlocal vertex 
algebra (see |L2j . cf. |BK] ) is a vector space V, equipped with a linear map 

Y(-,x) : V -> Hom(V,V((x))) C (EndV)[[x, x" 1 ]] 

v h> Y(v, x) = v n x~ n ~ x (where v n £ End!/), 

n€Z 

and equipped with a vector 1 £ V, satisfying the conditions that for v £ V, 

Y(l,x)v = v, Y(v,x)leV[[x]] and lim Y(v, x)l = v, (2.1) 

x— >0 

and that for u, v, w £ V, there exists a nonnegative integer k such that 

(x + x 2 ) k Y(u, x + x 2 )Y(v, x 2 )w = (x + x 2 ) k Y(Y(u, x )v, x 2 )w (2.2) 
(weak associativity). 

We sometimes denote a nonlocal vertex algebra by a triple (V, Y, 1), to emphasize 
the vertex operator map Y and the vacuum vector 1. 

Let V be a nonlocal vertex algebra. Define a linear operator T> on V by 

V(v) = v_ 2 l for v £ V. (2.3) 

Then 

[V,Y(v,x)]=Y{Dv,x) = —Y(v,x) for v £ V. (2.4) 
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For a nonlocal vertex algebra V, a V -module is a vector space W, equipped with a 
linear map 

Y w (-,x) : V -)■ Hom(W, W((x))) C (EndW)[[x, x -1 ]], 

satisfying the conditions that Yw(l,x) = lw (the identity operator on W) and that 
for u, v G V, w G W, there exists a nonnegative integer / such that 

(x Q + x 2 ) l Y w (u, x + x 2 )Y w (v, x 2 )w = (x + x 2 ) l Y w (Y(u, x )v, x 2 )w. 

Let (W, Y w ) be a l^-module. Note that for u, v G V, 

(Yw{u,x 1 )Y w (v,x 2 ))\x 1 =x +x2 = Y w (u,x + x 2 )Y w (v,x 2 ), 

which by the formal Taylor theorem equals e X2dx o (Y w {u, xq)Yw(v, x 2 )), exists, but 
(Yw{u, Xi)Yw(v, x 2 ))\ Xl=X2+XQ in general does not exist. On the other hand, if A(x\, x 2 ) 
is an element of Hom(V4 / , W((xi, x 2 ))), then both A(xi, x 2 )\ Xl=X2+X0 and A(xi, x 2 )\ Xl=X0+X2 
exist. 

As we shall need, we recall another form of weak associativity from |LTWj . 

Lemma 2.1. Let V be a nonlocal vertex algebra. In the definition of a V -module, the 
weak associativity axiom can be equivalently replaced with the property that for u, v G V , 
there exists a nonnegative integer k such that 

(xi - x 2 ) k Y w (u, xi)Y w (v, x 2 ) G Hom(W / , W({x u x 2 ))) (2.5) 

and 

{(xi - x 2 ) k Y w (u, xi)Y w (v, x 2 )) \ Xl=X2+X0 = XqY w (Y(u, x )v, x 2 ). (2.6) 

Furthermore, for a V -module W and for any u, v G V , A2.6\) holds for every nonnegative 
integer k satisfying A2.5\) . 

Proof. The first part is a special case of Lemma 2.9 of |LTW] with a — 1. As for the 
second part, suppose that k is a nonnegative integer such that both ( 12. 5ft and ( 12. 6ft 
hold, and let k! be any nonnegative integer such that ( 12.51) holds. Note that 

((»i - x 2 ) r Y w (u, x x )Y w {v, x 2 )) \ X1=X2+X0 

for r = k and for r = k' both exist in Hom(TV, ((^2))[[^o]])- Then 

x k Q ({xi - x 2 ) k 'Y w (u,xi)Y w (v,x 2 )^ \ X1=X2+X0 

= ((^x — x 2 ) fe ) \ Xl=X2 + X0 ■ ((xi — x 2 ) k Y w (u, Xi)Y w (v, x 2 ) \ \ Xl=X2+X0 

(xi - x 2 ) k+k 'Y w {u,xi)Y w (v,x 2 )^ \ X1=X2+XQ 

{xi -x 2 ) k '^j \ Xl=X2+X0 ■ ((xi - x 2 ) k Y w (u,x 1 )Y w (v,x 2 )) \ Xl=X2+X0 
x k+k 'Y w (Y(u,x )v,x 2 ), 
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from which we immediately get 

- x 2 ) k 'Y w (u, Xi)Y w (v, x 2 )j \ xi =x 2 +x = XqY w (Y(u, x )v, x 2 ), 
as desired. □ 
For a nonlocal vertex algebra (V, Y, 1), we follow [EKJ to define a linear map 

Y(x) : V®V ^ V((x)) 

by 

Y(x)(u <S>v) — Y(u, x)v for u,v G V. 
Similarly, for a ^-module (W 7 , Y^O, we denote by Yw(x) the associated linear map 

Y w {x) : V ®W -»• W{{x)). 

Let U and V be two nonlocal vertex algebras. We have an (ordinary) tensor product 
nonlocal vertex algebra U®V, where the vacuum vector is 1<8>1 and the vertex operator 
map is given by 

Y(u <8) v, x) (u' <8> v') = Y{u, x)u ® Y(v, x)v' for u, v! G U, v, v' G V. 

That is, 

Y U9V (x) = (Y v {x) ® Y v (x)) a 23 , 
where a 23 is the linear operator on (U (8 V)® 2 , defined by 

a 23 (u ®v®u'®v') = u (8 u (8 v (8 t> ' 

for u, u' G [/, v, v' G V. 

Definition 2.2. Let J7 and V be nonlocal vertex algebras. A twisting operator for the 
ordered pair (U, V) is a linear map 

R(x): V®U ^U®V®C((x)), 

satisfying the following conditions: 

R(x)(v (8 1) = 1 (8 v for v G V, (2.7) 

#(z)(l<8«) = u<8 1 for u G £/, (2.8) 

i?(xi)(l <8> Y{x 2 )) = (Y(x 2 ) (8 l)i? 23 (xi)i? 12 (xi + x 2 ), (2.9) 

i?(x0(y(x 2 ) ® 1) = (1 (8 r(x 2 ))i? 12 (x! - x 2 )i? 23 (xx). (2.10) 

We say that a twisting operator is invertible if R(x), viewed as a C((x))-linear 
map from V ®U <8> C((x)) to C/ (8 V<g> C((x)), is invertible. The inverse of an invertible 
R(x) is a C((x))-linear map from f7 (8 V (8 C((x)) to V (8 U (8 C((x)). We often 

consider R ( C- linear map 

R-\x): U®V ^V®U®C((x)). 

The following is straightforward: 
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Lemma 2.3. If R(x) is an invertible twisting operator for the ordered pair (U, V), then 
x) is an invertible twisting operator for the ordered pair (V, U). 

We now present the twisted tensor product. 

Theorem 2.4. Let U, V be nonlocal vertex algebras and let R(x) be a twisting operator 
of the ordered pair (U, V). Set 

Y R (x) = (Y(x) <g Y(x))R 23 (-x). (2.11) 

Then (U (g V, Y R , 1(g) 1) carries the structure of a nonlocal vertex algebra, which contains 
U and V canonically as nonlocal vertex subalgebras. 

Proof. For u, u' G U, v, v' G V, by definition we have 

r 

Y R (x){u <g v ® u' ® v') = fi{-x)Y(u, x)u' {€) ® Y(v {i \ x)v', (2.12) 

where 

r 

R{x){v®u') = YV (i) <gv w ®fi(x) G U<8> V ®C((x)). 
i=i 

As 

/i(-x) G C((x)), Y(u,x)u' {i) G y(t> (i) ,xy G V{{x)) 

for 1 < z < r, we see that Yr(w <g u, x)(tt' (g v') exists in (U (g V)((x)). 
For u G C/, i! G V, with i2(a?)(l <g u) — u <g 1, we have 

Yr(1 (8) l,a;)(M<gt>) = (y(x) (g) F(x))(l <g> it (g) 1 <g v) 

= Y(l,x)u®Y(l,x)v 
= u®v. 

On the other hand, for u G U, v G V, with R(x)(v (g 1) = 1 (g> t> , we have 
Yr(m <gt>, a;) (1 <8 1) = (Y(x) <g y(x))i? 23 (-x)(u (g v (g 1 (g 1) 

= (y(x) ®y(x))(u® i) 

= r(ti,i)l®y(i;,i)l, (2.13) 

which lies in ({/ <g V")[[x]], and 

lim Yr(w <g v, x)(l (g 1) = lim Y(u, x)l (g y(f, x)l = u <g i>. 

To see weak associativity, let u, u', u" G U, v, v', v" G V. Using (12. 9p we get 

Y R (u ®v,x + x 2 )Y R (u' g) u', x 2 )(u" g> u") 
= (Y(x + x 2 ) ® + x 2 ))R 23 (-x - x 2 ){l ® 1 ® ^(^2) <g ^2)) 

•i? 45 (-x 2 )(w <g u <g «' <g u' <g u" <g v") 
= (Y(x + x 2 ) <g Y(x + x 2 ))(l (g Y{x 2 ) g) 1 (g y(x 2 )) J R 34 (-x - x 2 ) 

•i? 23 (-x )i? 45 (-x 2 )(M (g w <g u' (g v' (g u" (g v"). (2.14) 
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On the other hand, using (I2.10p we get 

Y R (Y R (u ® v, x )(u 8> v'), x 2 ){u" g> v") 
= (y(x 2 ) (8) Y{x 2 ))R 2 \-x 2 )(Y(x Q ) 8> Y(x ) <8 1 <8 1) 

•i? 23 (-x )(w 8> f <8 It' <8 8> it" <8 1>") 
= (Y(x 2 ) 8> F(x 2 ))(r(x ) ® 1 8> F(x ) ® l)i? 34 (-x 2 - £ )# 45 (-^) 

•i? 23 (-x )(w ®v®u' ®v' ®u" ® v") 
= (Y(x 2 ) <g> F(x 2 ))(y(x ) ® 1 <8> F(x ) ® l)i? 34 (-a; 2 - x ) J R 23 (-x ) 

•# 45 (-x 2 )(w (2) i; <8 u' <8 v' <8 u" <8 v"). (2.15) 

Then the desired weak associativity relation follows. Thus (U (8 V, Yr, 1(8)1) carries 
the structure of a nonlocal vertex algebra. 

Furthermore, for it, it' G U, as i?(x)(l (8 u') = u' <8 1, we have 

Yr(w<8 l,x)(w' <8l) = y(ti,x)ii' ® F(l,x)l = Y(u, x)u' (8 1. 

It follows that the map u E U H-n®l6(7®yisa one-to-one homomorphism of 
nonlocal vertex algebras. Similarly, the map vEV^l®vEU®Visa one-to-one 
homomorphism of nonlocal vertex algebras. This concludes the proof. □ 

Denote by U ®rV the nonlocal vertex algebra obtained in Theorem 12. 41 We identify 
each element u of U with the element u (8 1 of U ®r V and identify each element v of 
V with 1 (8 v of U ®r V. For u,u' G U, v, v' € V, we have 

Yr(m, x)(u 8) v') = Y{u, x)u 8) v', (2.16) 
Yr(v,x)(m'8) u') = (l®Y(x))R 12 (-x)(v®u' ®v r ). (2.17) 

The following two propositions give more information about U <8ij V: 

Proposition 2.5. The V-operator of U ®r V is given by 

Vu® rV = V® 1 + 1 ®V, (2.18) 

where the two V 's denote the V-operators of U and V , respectively. Furthermore, we 
have 

Y R (u,x)ve(U®V)[[x]], (2.19) 
Y R (v, x)u = e x{vm+mv) Y R {-x)R{-x){v ® u) (2.20) 

for u G U, v G V . 

Proof. Let u G U, v G V. From definition we have 

Res x x~ 2 Y R (u (8 v , x)(l (8 1) 
= Res x x~ 2 (Y(u,x)l (8 Y(v,x)l) 
= Res x x- 2 e x ( v&+1 ® v \u®v) 
= {V®l + l®V)(u®v). 
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Thus the P-operator is given by T> ® 1 + 1 <S> T>. 
Let u G U, v G V. As 

R 23 (-x)(u g)l®l(2)u) = u(8)l(8)l<2)f, 

we have 

Y R (u,x)v = Y R (u<g) l,x)(l ®v) = Y(u,x)l ®Y(l,x)v = Y(u,x)l ®v, 

which implies (12.191) and 

u®u = «_il®v = (u®l)_i(l(8)i;). (2.21) 

For u G Z7, f G V, we have 

lji(l<g>v,a;)(u<g>l) 
= (Y(x) ® F(x))i? 23 (-x)(l 1) 
= e x{vm+mv \Y(-x) <g> Y(-x))R 14 (-x)(v ® 1 <8> 1 ® u) 
= e x ( v ® 1+1 ®^Y R (-x)R u (-x)(v <g> 1 ® 1 <g> u), 

as i2(-x)(l ® 1) = 1 <8> 1. This proves (J22DD. □ 

Proposition 2.6. Let £/, V, R(x) be given as in Theorem 2.4 For u G U, v G V, there 
exists a nonnegative integer k such that 

(xi - x 2 ) fc Yii(v, Xi)Y R (u, x 2 )w 
= (x 1 -x 2 ) k Y R (x 2 )(l®Y R (x 1 ))R 12 (x 2 -x 1 )(v(g)u®w) (2.22) 

for every w G C/ 0/? V. Furthermore, if R(x) is invertible, we also have 

Y R (u,x)v = e x{vm+l ® v) Y R (-x)R-\x)(u®v), (2.23) 
y B («,a;i)Yfl(i;,ar 2 )t« = Y B (ar 2 )(l <g> r H (a;i))(ir 1 ) 12 (-a; 2 + ari)(« ® v ® w) (2.24) 

/or u G 17, dG^ and /or w £ U <S> R V. 

Proof. For w G C7, f G V, skew-symmetry relation (I2.20p holds. From [L3J (Proposition 
5.2), there exists a nonnegative integer k such that 

(xi - x 2 ) k Y R (l ® v, xi)Y R (u <8> 1, x 2 )u> 
= (x 1 -X2) fc Y R (x2)(l8)yR(xi)) J R 14 (2;2-Xi)(v®l®l®w®«;) (2.25) 

for every w E U ® R V. 



8 



Now we assume that R(x) is invertible. For u G U, v G V, we have 

Y R (u,x)v (=Y r (u®1,x)(1®v)) 
= (Y(x) <g> Y(x))R 23 (-x)(u ® 1 <g> 1 ® v) 

= e^Y(l, -a> ® e^Y>,-x)l 

M ® V ® 1) 

= e a;( ^ 1+1 ^ ) Y R (-a;)( J R- 1 ) 23 (a;)(l ® u ® u ® 1) 

proving (12.231) . Again, from [L3] (Proposition 5.2), there exists a nonnegative integer 
k such that 

(xi - x 2 ) k Y R (u, Xx)Y R (v, x 2 )w 
= (xi - a; 2 ) fe ^(a;2)(l ® yn(a;i))(i2" 1 ) 12 (-a;2 + £i)0 ® u ® w) 

for every w G U ® R V. Combining this with weak associativity we get 

x l 5 ( — — — J Y R (u, x 1 )Y R {v, x 2 )w 
\ x o J 

_ x - 1 5 f^Z^A Yr (x 2 )(1 ® y fi (x 1 ))( J R- 1 ) 12 (-x 2 + ^(u ® v ® «;) 

= ^2 X 5 f — — — J Y R (Y R (u, x )v, x 2 )w. 
\ x 2 J 

Note that Y R (u,x )v G (U <8> V^)[[x ]] by (I2.19p . Applying Res xo to the above Jacobi 
identity we obtain fT2T24|) . □ 

The twisted tensor product C/ ®,r V" has a universal property just as the ordinary 
tensor product U ®V does (cf. [?], |LL] ). 

Theorem 2.7. Lei [/, be nonlocal vertex algebras and let R(x) be a twisting operator 
for (U, V). Let K be any nonlocal vertex algebra and let ipi : U — > K, ip 2 : V — > K be 
any homomorphisms, satisfying the condition that for u G U, v G V, 

Y(Mu)^)Mv)eK[[x]], (2.26) 
Y(ip2(v),x)fa(u) = e xV Y{-x){^ x ®^ 2 )R{-x){v®u). (2.27) 

Then the linear map ip : U ® R V — > K , defined by 

ijj(u <S> v ) = ipi(u)^iilj 2 (v) for u G U, v G V, 

is a homomorphism of nonlocal vertex algebras, which extends ipi and if) 2 uniquely. 
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Proof. For u G U, v G V, as Y(^>i(u), x)i[) 2 (v) G ^[[x]] by assumption, we have 
ip(u®v) = ReSxX^Y (?pi(u) , x)ip2(v) = ]ha.Y(ipi(u),x)ip2(v)- 

x— >0 

It is clear that linear map ip extends both ipi and if) 2 . It is also clear that -0(1 <8> 1) = 1. 
To prove that i/j is a homomorphism of nonlocal vertex algebras, we must prove 

ip{Y R (u <g) d, <8> z/)) = Y(-0(w <8> v),x)ip(u' <8> v') for u, u G [/, t>, v G V. (2.28) 

Through the homomorphisms ipi and -02, K becomes a [/-module and a ^-module. 
Let u G V. From assumption, we have Y(t/>i(w), x)ip2(v) G ^[[a?]] for every u £ U. By a 
result of |L3] (Lemma 6.1), for every fixed v G V, the map u G Z7 (->■ i/>i(u)_iz/>2(i>) G JY 
is a [/-module homomorphism. Then, for u',u £ U, v G V, we have 

ip(Y R (u', Xq){u <8> v)) = vf)(Y(u', Xq)u <S> v) — lim Y(t/>iY(?/, x )u, x)^^) 
= Y« x ) (^i(m)-iV^(v)) = xo)i)(u ®v)= Y(ip(u' <8> l),x )V>( M ® «)• 

This shows that (12.281) holds with t> = 1. We next show that (12.281) also holds with 
u = 1. We have 

i/;(Y R (l®v,x)(u' ®v')) 
= ip {(l®Y(x))R 12 (-x)(v®u' ®v')) 

= lim Y(x 2 ){l®Y(x))(ilj l ®^ 2 ®^2)R l ' 2 {-x){v®u' ®v'). (2.29) 

With the assumption (12.271) . from |L3j (Proposition 5.2), there exists a nonnegative 
integer k such that 

(x 2 - x) k Y(i; 2 (v) , x)Y(^ {u') , x 2 )^ 2 («') 
= (x 2 - x) fc Y(x 2 )(l <8> Y(x))(ipi <8> t/> 2 <8> ^ 2 )-R 12 (£ 2 - (g) u' (g) i/). 

Noticing that R(x)(v <8> w') G C/ <8> 1/ <8> C((x)), we may replace & with a bigger integer 
so that x k R(x)(v ®u') EU&V® C[[x)) also holds. Then 

(-x) k Y(i(j(l (8) v),x)ip(u' <8> i/) 
= lim (x 2 - x) Y^Mj^YY^i/),^)^^') 

= lim (x 2 - x) fe Y(x 2 )(l (8) Y(x))(^i <8> t/> 2 <8> ip 2 )R 12 (x 2 -x)(v®u' ® v') 
= (-x) k lim Y(x 2 )(l ® Y(x))(^i <8> ip 2 <8> t/> 2 )i? 12 (-:r)(t; ® «' ® i/). 

x 2 ->0 

Thus 

Y(ip(l (8> v),x)ip(u' (8> */) 
= lim Y(x 2 )(l (8> Y(x))(^i <8> i(j 2 <8> ^2)# 12 (-£)(f ® u' ® u')- 
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Combining this with (I2.29P we obtain 



tp(Y R (l ® v, x)(u' <g> v')) = Y(4)(l <g> v),x)^{u' <g> v'), 

proving that (I2.28P holds with u = 1. Since U ®rV as a nonlocal vertex algebra 
is generated by the subset U UV , it follows that if) is a homomorphism of nonlocal 
vertex algebras. The uniqueness assertion is clear as u £§> v = (u ® l)_i(l ® t>) for 
u e U, v e V. □ 

The following is a characterization of U ®# V in terms of U, V and R(x): 

Proposition 2.8. Let U,V and R(x) be given as in Theorem 2.7, and let K be a 
nonlocal vertex algebra which contains U and V as subalgebras, satisfying 

Y(u,x)v G K[[x]], 

Y(v,x)u = e xV Y(-x)R(-x)(v ®u) for u 6 U, v e V. 

Assume that K as a nonlocal vertex algebra is generated by U U V and that U as a 
U -module is irreducible and of countable dimension (over C). Then the linear map 
6 : U <S>r V — > K , defined by 6{u ® v ) = u_iv for u G U, v G V , is a nonlocal-vertex- 
algebras isomorphism. 

Proof. It follows from Theorem 12 . 71 that 9 is a nonlocal- vertex-algebra homomorphism. 
Now we prove that 9 is a bijection. Since U ®r V as a nonlocal vertex algebra is 
generated by U U V and since K is also generated by U U V, it follows that 9 is onto. 
On the other hand, as 9\u = 1, 9 is a [/-module homomorphism. Consequently, ker# 
is a [7-submodule of U C8>r V. From (12.161) . for any subspace P of V, U <g> P is a U- 
submodule. As U as a [/-module is irreducible and of countable dimension (over C), 
by a version of Schur lemma we have End^f/ = C. It follows that ker# = U (g> B for 
some subspace B of V. For any b G B, we have 1 <8> 6 G ker so that b = 9(1 <g> 6) = 0. 
Thus S = and ker # = 0, proving that 9 is injective. □ 

Recall from Lemma 12.31 that for any invertible twisting operator R(x) for (U, V), 
i? _1 (— x) is an invertible twisting operator for (V, U). Furthermore, we have: 

Proposition 2.9. Let R(x) be an invertible twisting operator for (U,V) such that 

R(x)(v®u) G U®V®C[[x]], R~ 1 {x){u®v) eV ®U ®C[[x]] (2.30) 
for u G U, v G V . Then the linear map ip : V ®r-i(- x ) U — > U ®r V , defined by 

ip(v ® u) — V-iU (in U ®h V) for v G V, u G U, 
is a nonlocal-vertex-algebra isomorphism. 
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Proof. With the assumption (12. 30 p . combining (I2.2(jp with (I2.19P we get 

Y R (v,x)u E (U ® R V)[[x)) iorueU, v E V. (2.31) 

From Proposition 12.61 we also have 

Y R (u,x)v = e x{vm+mv) Y R (-x)R-\x)(u®v). 

By Theorem 12.71 ^ is a nonlocal- vertex- algebra homomorphism. Clearly, — 1 and 
= 1. On the other hand, consider V ® R -i(- x ) U and denote Y R -i(_ x ) simply by 
Yr-i. For u E U, v E V, by fl2~T9|) and fl2~20l) we have 

Y R -i(v,x)ue(V<g>U)[[x]], 

Y R -i(u,x)v = e x{v ® 1+mv) Y R ~,{-x)BT l {x)(u®v). 

Combining these with (I2.30P we get 

Y R -i(u,x)vE(V®U)[[x}}, 

while from Proposition 12.61 we have 

Y R -x (v, x)u = e^m+imy^ (- x )R(-x) (v® u ). 

By Theorem 12.71 there is a nonlocal-vertex-algebra homomorphism : U ® R V — > 
V <8)jj-i(_ x ) U such that <p(u <g> v) — u^\v for u E U, v E V. Because ip o (f) and (j) o ip 
are nonlocal-vertex-algebra homomorphisms preserving both U and V element-wise, 
it follows that ip o <fi = 1 and o -0 = 1. Therefore, ^ is a nonlocal- vertex-algebra 
isomorphism. □ 

Next, we shall establish a refinement of Proposition 12.81 As we need, we recall an 
important notion due to Etingof and Kazhdan. A nonlocal vertex algebra V is said to 
be non-degenerate (see [EK]) if for every positive integer n, the linear map 

Z n : V® n ® C((x0) • • • {(x n )) -» y((xx)) • • • («)), 

defined by 

Z n (^ (1) ® • • • <g> v (n) ® /) = /Y> (1) , £i) • • • Y{v {n \ x n )l 

for . . . , u (n) 6 V, / E C((xi)) • • • ((£„)), is injective. 

Following [L3j . for every positive integer n, we define a linear map 



Ti n : V® n ® C((xi)) • • • ((x n )) Hom(F, V((x x )) • • • («))) 

by 

7r n (v (1) <g> • • • (g) t/ n) ® f)(w) = fY(v {1 \ Xl ) ■ ■ ■ Y(v {n \x n )w 
for . . . , v( n > E V, f E C((xi)) • ■ ■ ((x n )) and for w E V . By definition we have 

Z n (v (1) ® • • • ® i; (n) g> /) = 7r n (> (1) ® • • • ® i; (n) ® /)(1). 
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We see that ir n is injective if Z n is injective. In particular, non- degeneracy implies that 
all the linear maps ir n for n > 1 are injective. 

For convenience we recall a notion from [L3j . Let P be a vector space and let r be 
a positive integer. For A, B G Pjjx^ 1 , x^ 1 , . . . , x^ 1 ]], we define A ~ 5 if there exists a 
nonzero polynomial p(xi, . . . , x r ) such that 

p(xx, . . . ,x r )A(x 1 , ...,x r )= p(xi, . . .,x r )B(x 1 , . . .,x r ). 

This is an equivalence relation. Furthermore, when restricted onto the subspace 
P((x r )) ■ ■ ■ ((x 2 ))((xi)), this equivalence relation becomes equality relation. 

Just as with bialgebras, a braided tensor product nonlocal vertex algebra arises 
whenever a nonlocal vertex algebra contains two compatible subalgebras. The following 
can be considered as an analogue of a result in [M] : 

Theorem 2.10. Let K be a nonlocal vertex algebra that contains subalgebras U and 
V , satisfying the condition that for u G U, v & V , 

Y(u,x)v E K[[x}] (2.32) 

and there exist 

u {l) G U, v {l) G V, fi(x) G C((x)) (i = 1, . . . , r) 

such that 

r 

(x 1 -x 2 ) k Y(v,x 1 )Y(u,x 2 ) = (x 1 -x 2 ) k Y,Mx2-x 1 )Y(u {i \x 2 )Y(v il \x 1 ) (2.33) 

i=i 

for some nonnegative integer k. Assume that K is non- degenerate and that K is 
generated by U UV. Then there exists a linear map R(x) :V®U — )■ U ®V ® C((x)), 
which is uniquely determined by the condition that 

Y(v, Xi)Y(u, x 2 )w ~ Y(x 2 )(l <g> Y(x l ))R 12 (x 2 -x x ){v®u® w) (2.34) 

for u G U, v G V, w G K, and R(x) is a twisting operator. Furthermore, the linear 
map ip : U <8> V — > K , defined by 

ip(u <S>v) — U-iV for u G U, v G V, 

is a nonlocal-vertex-algebra isomorphism from U ®r V onto K. 

Proof. From the assumption, there exists a linear map R(x) : V ®U — > U ®l / ®C((x)), 
satisfying (12.341) . Suppose that T(x) is another such linear map. For u G U, v G V, w G 
K, we have 

Y(x 2 )(l ® Y(xi))R 12 (x 2 - x x ){v ® u <S> w) ~ Y(x 2 )(l ® Y(xi))T 12 (x 2 - xi)(v ® u <S> w). 
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As the expressions on both sides lie in (U ® V)((x 2 ))((xi)), we must have 

Y(x 2 )(l ® Y(x l ))R 12 (x 2 -x 1 )(v®u®w) = Y(x 2 )(l ® Y( Xl ))T 12 (x 2 — xi)(v ® u® w). 

Given that K is non-degenerate, we know n 2 is injective. It follows that R(x)(v ®u) = 
T(x)(v ® it). This proves the uniqueness. 
For u 6 [/, by definition we have 

Y(l,x 1 )Y(u,x 2 )w ~ F(x 2 )(l <g> y(xi))# 12 (x 2 - a?i)(l ® « ® w). 

On the other hand, as y(l, x) = 1 we have 

Y(l, Xi)Y(u, x 2 )w = y(u, x 2 )y(l, = F(x 2 )(l g> y(xi))(w <g> 1 ® 

Thus 

y(x 2 )(l ® y(x!))i? 12 (x 2 - xi)(l ® w ® tu) ~ y(x 2 )(l g) y(a;i))(u ® 1 ® w). 

As we have seen above, this equivalence relation implies equality relation 

Y(x 2 )(l ® y(x!))i2 12 (x 2 - xi)(l ® u <8> w) = y(x 2 )(l g> y(xi))(u ® 1 ® to). 

Just as above, with 7r 2 being injective it follows that <g> u) = u®l. Using a parallel 
argument we get that R(x)(v ® 1) = 1 ® v for v e V. 
Now, let ueV, u,u' EU and let w E K. We have 

y (i>, zi)y(ii, xi)y («', x 2 )w 
~ y(x 1 )(i ® y(^i))(i ® i ® y(x 2 ))i? 12 (x! - ® M ® vf ® w) 

~ y(xi)(l ® y(x 2 ))(l ® 1 (8) y(z!))i? 23 (a; 2 - Zi)i? 12 (xi - z x )(v ® u ® v! ® w). 
Furthermore, by Lemma [2.11 there exists a nonnegative integer k such that 

{{ Xl - x 2 ) fe y(x 1 )(i ® y(x 2 ))(i <g) i <g> y(^)) 

■R 23 (X 2 - Zi)R 12 (x! - <g> U ® It' (g) t«))|a:i=a! 2 +!Bo 

= Xoy(x 2 )(y(x ) <g> 1)(1 ® 1 ® y(2;i))i? 23 (x 2 - 2i)i? 12 (x 2 + x - zi)(u ® u ® u' ® w). 
Thus 

((xi - x 2 ) fc y(w,2;i)y(M,xi)y(M / ,x 2 )u7) Ui^+^o 

~ xlY(x 2 )(Y(x Q ) ® 1)(1 <g> 1 ® Y(z 1 ))R 2Z (x 2 - ^)i? 12 (x 2 + x - zi)(v <8) u ® v! ® w) 
= XqY(x 2 )(1 ® Y(z 1 ))(Y(x ) ® 1 ® l)i? 23 (x 2 - zi)R 12 (x 2 - z x + x )(v ® u ® v! ® w). 

(2.35) 

On the other hand, by Lemma 12.11 there exists a nonnegative integer k! such that 
(xi - x 2 ) k 'Y(u, Xi)Y(u', x 2 ) e Hom(K, K((xi, x 2 ))) 
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and 

((xi - x 2 ) k 'Y(u,x 1 )Y(u' 1 x 2 )w^ \ Xl = X2+Xo = XqY(Y(u,xo)u',x 2 )w. 

Then 

((xi - x 2 ) k 'Y(v,z 1 )Y(u,x 1 )Y(u',x 2 )io S j \ Xl=X2+Xo 
= Xq Y(v , zi)Y(Y(u, x )u' , x 2 )w 

= a$Y(zx){l <8> Y{x 2 )){\ ® Y(x ) ® l)(v ® u ® v! ® w) 

~ xgV(a; 2 )(l®r(2 1 )) J R 12 (x 2 -2 1 )(l®r(xo)®l)(i;®n®M , ®w). (2.36) 

Combining this with (12.351) we get 

l r (x 2 )(l <8> Y~(2a))i? 12 (x 2 - z x )(l ® Y(x ) <8> l)(v g> u <g> u' <g> w) 
~ y(x 2 )(l ® y(«i))(r(a;o) ® 1 ® l)i? 23 (x 2 - zi)R l2 (x 2 -z t + x )(v ®u®u'®w). 

Because both sides lie in K((x 2 ))((zi))((xq)), this similarity relation implies equality 
relation. Then, with 7r 2 injective we have 

R(x 2 - zi)(l <2) F(x ))(v <g> m ® «') 
= (Y(x ) ® l)^ 23 (x 2 - ^i? 12 ^ - zi + x )(v <g> m (2) u'). 

This proves 

(8) Y(x )) = (Y(x ) <8> l)i? 23 (x)i? 12 (x + x ), 

confirming (12.91) . The other condition (12 . 10[) can be proved in the same manner. There- 
fore, R is a twisting operator for the ordered pair (U, V). 

As for the last assertion, it follows from Theorem 12.71 that if) is a nonlocal- vertex- 
algebra homomorphism, and we have = 1 and = 1. Since K is generated 
by U U V, it follows that -0 is onto. For u E U, v 6 V, we have x)u G ^[[a;]] 
and [P,Y~(-u,x)] = -j^Y^u, sc), which imply Y"(tt,x)f = e xV U-\V. From this we get 
ker if; C ker Y"(x). Now we show that ker Y(x) = 0. For a,b £ K, by weak associativity, 
we have 

(x + x 2 ) l Y(a, x + x 2 )Y(b, x 2 )l = (x + x 2 ) l Y(Y(a, x )b, x 2 )l 
for some nonnegative integer I. As 

Y{a, x + x 2 )Y(b, x 2 )l, Y(Y(a, x )b, x 2 )l E K({x ))[[x 2 }\, 

we must have 

Y(a, x + x 2 )Y(b, x 2 )l = Y(Y(a, x )b, x 2 )l. 

From this we have kerY(x) C ker Z 2 . With K non-degenerate, we have ker Z 2 = 0, 
so that kerY(x) = and ker-0 = 0. Thus -0 is also injective. Therefore, ip is an 
isomorphism. □ 
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Note that as U and V are subalgebras of U ®# V, every U ®# ^-module is naturally 
a Z7-module and a V- module. Furthermore, we have: 

Lemma 2.11. Let (W, IV) be a U ®i? V -module and let u G {/, d£ V. T/ien 



/or every to G W. zs invertible, we also have 

Y w (u, xi)Y w (v, x 2 )w = Y w (x 2 )(l g> l%(a:i))( J R~ 1 ) 12 (x2 - an)(u ® u ® tw). (2.39) 

Proof. Let w G Z7, v & V and let iw G H 7 . There exists Z G N such that 

(x + x 2 ) l Y w (u, x + x 2 )Y w (v, x 2 )w = (x + x 2 ) l Y w (Y R (u, x )v, x 2 )w. 

As Yr(u,Xo)v G (U <g)# V)[[a;o]], the expression on the right side lies in W((^2))[[^o]]- 
This forces the expression on the left side to lie in W r ((x2))[[^o]] H W((x Q ))((x 2 )). Thus 



Applying e X2d / 9x ° we get 

x l Y w (u,x )Y w (v,x 2 )w G W[[x ,x 2 ]][a;2 1 ], 

which implies Yyy(u, xq)Yw(v, x 2 )w G W((xq,x 2 )). This proves ( 12. 3 7ft . 

For u G U, v G V, skew symmetry relation ( 12.201) holds. Then the second assertion 
follows immediately from [L3] (Proposition 5.2). 

Assume that R is invertible. Then (12.24p (in Proposition 12.61) holds. By Corollary 
5.4 of [L3] , there exists a nonnegative integer k such that 



Y w (u,x 1 )Y w (v,x 2 ) G Rom(W, W((x 1 ,x 2 ))) 



(2.37) 



and there exists a nonnegative integer k such that 



(x 2 - xi) k Y w (v, xi)Y w (u, x 2 )w 

(x 2 - x l ) k Y w (x 2 )(l <g> Y w (x 1 ))R 12 (x 2 - xx)(v ® u ® iw) 



(2.38) 



(x + x 2 ) >V(m, + a?2)^V(^, ^2)^ e W[bo ; ^2]] [^2 1 ]- 



(x 2 - Xi) fe lV(w, a; l)^V('y, ^2)^ 

(x 2 - Xi) fe lV(x 2 )(l g> F w (x 1 ))( J R" 1 ) 12 (x 2 - xx)(u <g> u (2) «;), 



which together with weak associativity gives 





x 2 — Xl 



-x 



) 



iV(^a)(l ® 1V(xi))( j R- 1 ) 12 (x 2 - x x ){u ® v ® «;) 




Since Yr(m,Xo)i> G (Z7 eg)/?, l / )[[x ]], applying Res Xo we obtain (12.391) . 



□ 
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On the other hand, we show that a [/-module structure together with a compatible 
V^-module structure on the same space gives rise to a XJ ®r F-module structure. 

Proposition 2.12. Let U and V be nonlocal vertex algebras and let R(x) be an invert- 
ible twisting operator for (U,V). Let W be a vector space equipped with a U -module 
structure (W, Y^) and a V -module structure (W, Y^). Assume that for u G U, v G V, 

Y^(u,x 1 )Y^ r (v,x 2 ) G Eom(W,W((x h x 2 ))), (2.40) 

39\) holds, and there exists a nonnegative integer k such that 

(x 2 - X!) k Yw(v , x{)Y^(u, x 2 )w 
= {x 2 -x 1 ) k Y%{x 2 ){l®Y^{x l ))R 12 {x 2 -x 1 ){v®u®w) (2.41) 

for every w G W. Then there exists a module structure Y^ on W for U ®rV , extending 
Yjy and Y^ uniquely. 

Proof. For u G U, v G V, we define Y^{u (&v,x) G (EndW) [[x, x^ 1 }] by 

(u <g> v, x)w = (Yw(u, xi)Yw{v , x)w) \ X1=X 

for w G W. Notice that since Y^(u,Xi)Y^-(v,x)w G W((xi,x)) by assumption, 

(Y^(u,x 1 )Y^ r (v,x)w) \ X1=X 

exists in W((x)). Thus Y^ {u® v, x) is well defined as an element of Hom(W, W((x))). 
It is clear that Y^(l <S> 1, x) = l w . 

To establish weak associativity, let u, u' G U, v, v' G V and let w G W. We shall 
use Lemma 12.11 By definition we have 

Yg{u ® v, Xi)Y^{u' ® v', x 2 )w 
= (Y^(u,z 1 )Y^(v,x 1 )Y^(u',z 2 )Y^(v',x 2 )w) \ Z1=X1> Z2=X2 . (2.42) 

We next show that there exists a nonnegative integer k independent of w such that 

p{z u x u z 2 , x 2 ) k Y^(u, Zi)Y^{v, Xi)Y^{v!, z 2 )Y^(v', x 2 )w G W{{z u x u z 2 , x 2 )), (2.43) 

where 

p(zi,xx,z 2 ,x 2 ) = (zi - z 2 )(xi - z 2 )(xi - x 2 ). 
From assumption we have 

Y^(u,z 1 )Y^(v,x 1 )Y^(u',z 2 )Y^(v',x 2 )w G W({z 1 ,x 1 )){(z 2) x 2 )). (2.44) 

Let A; be a nonnegative integer independent of w such that (I2.4ip with u' in place 
of u holds and such that x k R(x)(v <8> u') G U <8> V £g> C[[x]]. In view of Lemma [2.11 for 
(W, Yy£), we may also assume that 

(xi - x 2 ) k {l <g> 1 g> y$(xi))(l ® 1 ® 1 ® Y^(x 2 ))# 23 (£)(w ® « ® w' ® ® w) 
eU®U® W((xi, x 2 )) ® c((0)- 
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Then 



{xi - x 2 f{z 2 - Xl ) k Y^(u, z x )Y%(v, x x )Y^{u\ z 2 )Y^(v', x 2 )w 
= (an - x 2 ) k (Y^( Zl )(l ® Y"(z 2 ))(l ® 1 ® Y%( Xl ))(l ® 1 ® 1 ® Y^(x 2 )) 

•(z 2 - Xi) fc -R 23 (z 2 - ® u ® «' ® «' ® «>) 
G W((z 1 ))((z 2 ,x 1 ,x 2 )) (2.45) 

(recall (I2.44p ). From assumption (I2.39P we also have 

Y^(u, Zx)Yw(v, xi)Yw(u', z 2 )Y^(v', x 2 )w 
= (Y^(xi)(l ® *#(zi))(l ® 1 ® y^(^))(i ® 1 ® 1 ® ^(^2)) 

(iT" 1 ) 12 ^ - zt)(u ® u ® v! ® u' ® to) 
= (Y^0n)(l ® *#C*i))(l ® 1 ® l^(x 2 ))(l ® 1 ® 1 ® Y^ 2 )) 

(i? -1 ) 34 (:r 2 - ^ 2 )(^ 1 ) 12 (^i - zi)(« ® u ® «' ® ® w) 
= (Y^{ Xl ){l ® Y^(x 2 ))(l ® 1 ® Y#(*i))(l ® 1 ® 1 ® Y^{z 2 )) 

(R- 1 ) 23 (x 2 - z 1 )(R- 1 ) 3A (x 2 - z 2 )(R- l ) 12 (x 1 - z x ){u ® v ® u' ® u' ® iu). (2.46) 

We may choose A; (independent of to) so large that 

( Zl - z 2 ) k (l ® 1 (g) y^(«o)(i ® 1 ® 1 ® Y^te)) 

•(i?- i ) 23 (ei)(i?- 1 ) 34 (e 2 )(it;- 1 ) 12 (e3)(w ® « ® vi ® */) 

e^V® c((a, 6, 6)) ® 22))- 

Then from (12.461) we see that 

( Zl - z 2 ) k Y^(u, Zl )Y^(v, Xl )Y%(u', z 2 )Y^(v', x 2 )w 

lies in W((xi))((x 2 , z±, z 2 )). Combining this with (12.451) we obtain (I2.43p . 
Using (J222D and fl2T4%|) we get 

(xi - x 2 f k Y™ (u ® v, xi)Y^(u' ® t/, x 2 )w 
= (p(zi,xi, z 2 , x 2 ) k Yw(u, zi)Yw{v, xi)Yw(u, z 2 )Y^(v', x 2 )w) \ Zl=XltZ2=X2 
eW((x u x 2 )), 

and we have 

(P(Z!, Xi, Z 2 , X 2 ) k Y-^(u, Zl)Y^(v, Xi)Yw{u', Z 2 )Y^(v', X 2 )w) \ Zl=Z2+XQ , Xl =x 2 +x 

= ( Zl - z 2 ) k ( Xl - x 2 ) k (Y^( Zl )(l ® Y^(z 2 ))(l ® 1 <g> Y^(:ri))(l ® 1 ® 1 ® *#(x 2 )) 

•(z 2 - £i) fc # 23 (z 2 - x x )(u ® u ® u' ® t/ ® w))\ Zl=Z2+X0) X1=X2+X0 
= ( Zl - z 2 ) k {x x - x 2 ) k Y^( Zl )(l ® 1^(2 2 ))(1 ® 1 (g) y^(xi))(l ® 1 ® 1 ® Y%(x 2 )) 

■(x 1 - Z 2 ) k R 23 (-X 1 + Z 2 )(U ® V ® U' ® V' ® w)L=*2+a;o,*i=Z2+*o 

= x 2fc Y^ 2 )(l ® Y^(rr 2 ))(Y(x ) ® K(x ) ® 1) 

•(x - ^ 2 + x 2 ) fc i? 23 (-x + z 2 - x 2 )(u ® v ® u' ® t>' ® w). 
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Using substitution z 2 = x 2 we get 

((xi - x 2 f k Y™ (u <8> X!)y^ (u' <8> u', x 2 )iy) U^+xp 
= a^Y^Xl ® y^(x 2 ))(F(x ) g» F(x ) <8> 1) 
■ J R 23 (-x )(u ® v ® u' <g> v' <g> w))| 22=X2 . 

On the other hand, we have 

Yr {Y r (u® v,x )(u' <g> v'),x 2 )w 
= Y r v (x 2 )(Y(xq) ® F(x ) <g) 1)/? 23 (-o;o)(m <8> v ® u' ® u' ® u>) 
= F^(^ 2 )(l ® r^(x 2 ))(Y(a; ) ® F(x ) ® l)i? 23 (-s )( M ® u ® u' ® u 7 ® w)| 22=a;2 . 

Combining the last two equations we obtain the desired weak associativity relation. 
Therefore, (W, Y$) carries the structure of a U <8>.r V-module. It is clear that the linear 
map Y$ extends both Y^ and Y^r- 

Suppose that Yw is another U (&r U-module structure on W, which also extends 
both Yyy and Y^. For u G U, v G V, with the assumption (12.401) . by Lemma [2.11 we 
have 

Y w (Y R (u,x )v,x 2 ) = (Y w (u,Xi)Y w (v,X2)) \ Xl =x 2 +x - (2.47) 
Recall that Yr(u, x)v G (U <S>r V)[[x\] and 

u <S> v = u^iv = lim Y R (u, x)v. 

x— >0 

Then 

Y w (u <g>v,x) = lim Y w (Y R (u, x )v, x) = (Y w (u, Xi)Y w (v, x)) \ Xl=x = Y R (u ®v,x). 
Thus we have Yw — ^r-, proving the uniqueness assertion. □ 

3 Twisted tensor product of quantum vertex alge- 
bras 

In this section we study twisted tensor product U ®_r V with U and V (weak) quantum 
vertex algebras. 

First we recall the notion of weak quantum vertex algebra from [L3J. 

Definition 3.1. A weak quantum vertex algebra is a nonlocal vertex algebra V which 
satisfies S -locality in the sense that for u, v G V, there exist 

v {l) e V, f t (x)EC((x)) (i = l,...,r) 

(finitely many) such that 

r 

(xi - x 2 ) k Y (u, Xl )Y{v, x 2 ) = ( Xl - x 2 ) k M x 2 - x l )Y(v®,x 2 )Y( U W,x 1 ) (3.1) 

i=i 

for some nonnegative integer k. 
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The following basic facts can be found in [L3J: 
Proposition 3.2. Let V be a nonlocal vertex algebra and let 

u, v, v {i) G V, fi(x) G C((x)) (i = 1, . . . , r). 

Then the S -locality relation A3. 1\) is equivalent to 

x 1 5 (^ Xl x X2 ^j Y(u,x 1 )Y(v,x 2 ) 



V -xo J ^ 

X -H ( Y (Y(u, x )v, x 2 ) (3.2) 



X 2 

(the 5-Jacobi identity^, and it is also equivalent to 

r 

Y(u, x)v = e xV fi(-x)Y(v {i) , -x)u® (3.3) 

8=1 

(the 5-skew symmetry,). 

Proposition 3.3. Let V be a weak quantum vertex algebra and let (W, Yw) be a module 
for V viewed as a nonlocal vertex algebra. Assume 

u,v, u {l \ v® e V, / ( (i)ec((i)) (i = l,...,r) 

such that A3. 3\) holds. Then 

^ / xi — X2 \ y w (u xi)Y w (v, x 2 ) 
\ x J 



-x?6 (^^\y^f i {-x Q )Y w {v«\x 2 )Y w (u«\x l ) 



= x 2 1 5 [ — — — ) Y w (Y(u, x )v, x 2 ). 
\ x 2 J 

Remark 3.4. From definition, a nonlocal vertex algebra V is a weak quantum vertex 
algebra if and only if there exists a linear map 

S(x) :V ®V ®V ® C((x)) 

satisfying the condition that for u, v G V, there exists fc6N such that 

(x x - x 2 ) k Y(x 1 )(l ® Y(x 2 ))(u ®v®w) 
= {x 1 - x 2 ) k Y(x 2 ){l®Y(xi))S 12 (x 2 - xi)(v®u®w) (3.4) 

for every w G V, or equivalently, 

Y(x)(u ® v) = e xV Y(-x)S(-x)(v ® «). (3.5) 
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A rational quantum Yang-Baxter operator on a vector space U is a linear operator 

S(x): U® U ^ U ®U ®C({x)) 
satisfying the quantum Yang-Baxter equation 

S 12 (x)S 13 (x + z)S 2 \z) = S 2 \z)S l \x + z)S l2 {x). 
It is said to be unitary if 

S(x)S 21 (-x) = 1, 
where S 21 (x) = aS(x)a with a denoting the flip operator on U ® U . 

Definition 3.5. A quantum vertex algebrais a weak quantum vertex algebra V equipped 
with a unitary rational quantum Yang-Baxter operator S(x) on V, satisfying 



S(x)(l®v) = l®v for v e V, (3.6) 

[V<S)l,S(x)]=~S(x), (3.7) 

Y(u,x)v = e xV Y (-x)S(-x)(v ® u) foru.veV, (3.8) 

S(x 1 )(Y(x 2 ) ® 1) = (Y{x 2 ) ® l)5 23 (x 1 )5 13 (a;i + x 2 ). (3.9) 

We denote a quantum vertex algebra by a pair (V,S). 



Note that this very notion is a slight modification of the same named notion in |L3] 
and |L4] with extra axioms (13. 6ft and ( 13. 91) . 
The following are some axiomatic results: 

Lemma 3.6. Lei V be a nonlocal vertex algebra and let S(x) be a unitary rational 
quantum Yang-Baxter equation on V. Then A3. 6\) . A_3. 7\ ), and A3. 9\) are equivalent to 



S(x)(v® 1) = v ® 1 forveV, (3.10) 
[lgP.S- 1 ^)] = ^-\x), (3.11) 
5(a;i)(l g) Y(x 2 )) = (1 ® Y^))^ 12 ^! - z 2 )S 13 (xi), (3.12) 



respectively. 

Proof. By unitarity we have iS _1 (x) = 5 21 (— x) = aS(—x)a. For u G V, we have 
<S(x)(w <g) 1) = o-cr«S(o;)(7(l ® u) = o-<S _1 (-x)(l <g> v), 

<S(x)(l ® v) = crcr5(x)cr(v <g> 1) = aS -1 (-x) (?; <g) 1). 

It follows that S(x)(l (g) u) = 1 <8> t> if and only if <g> 1) = v <g> 1. 

Assuming (13. 7p . that is [I? <8> l,«S(x)] = —-£;S(x), we have 

[1 ®V,S- l (x)] = a\V® l,aS- 1 (x)a)a = <r[V®l,S(-x)]a = —S~ l (x). 

dx 
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Similarly, assuming [1 ®V,S-\x)] = ±S~\x) we have 

[V <g> 1, S{x)\ = <r[l ® V, a5(i)ff](j = a[l <g> V, S~ l (-x)]a = -is(x). 

Note that (13. 9p amounts to 

5- 1 (x 1 )(y(x 2 ) ® 1) = (F(x 2 ) <g) l)^- 1 ) 13 ^ + x 2 )(5" 1 ) 23 (x 1 ), 

which is 

aS(-x 1 )a(Y(x 2 ) ® 1) = (F(x 2 ) ® l)a 13 S 13 (-:n - x 2 )a 13 a 23 5 23 (-x 1 )a 23 . 
The latter amounts to 

S(-x l )a(Y(x 2 ) ® 1) = <r(y(x 2 ) ® l)a 13 S 13 (-si - a; 2 )a 1 V 3 5 23 (-x 1 )a 23 . (3.13) 

As 

a(y(x)®l) = (l®Y(x))a l2 a 23 , 

(I3.13P amounts to 

5(-x!)(i«)y(x 2 )) 

= (1 ® y(x 2 ))a 12 a 23 a 13 5 13 (-a; 1 - x 2 ) ( x 13 a 23 5 23 (-x 1 ) ( 7 12 
= (1 ® y(x 2 ))a 23 5 13 (-a; 1 - x 2 ) ( r 23 a 12 5 23 (-x 1 )a 12 
= (l®y(x 2 ))5 12 (-X! -x 2 )5 13 (-X!), 

which is a version of (13.121) . □ 

Lemma 3.7. Let (V,S) be a quantum vertex algebra. Set 

R(x) = S(x)a : V ® V V ® V ® C((x)). 

T/ien i?(x) an invertible twisting operator for the ordered pair (V, V). 

Proof. As <S(x) is unitary, it is clear that R{x) is invertible. From Lemma [3.61 we have 

R(x)(l <g> u) = S(x)(u <g> 1) = u ® 1, 
#(x)(t> ® 1) = ® v) = 1 ® w 

for m, i; E V. Notice that 

cr(y(x) ® 1) = (1 ® y(a;))a 12 a 23 , 
<x(l ® r(x)) = (y(x) ® l)cr 2 V 2 . 

Using this, (ESI), and (I3TT2D . we obtain (12101) and (EH}. □ 
The following is straightforward (cf. |EK] . |L3J ): 

22 



Proposition 3.8. Let V be a weak quantum vertex algebra. Assume that V is non- 
degenerate. Then there exists a linear map S(x) : V ®V — > V ®V ® C((x)) ; which is 
uniquely determined by 

Y(u, x)v = e xV Y(—x)S(—x)(v ® u) for u,v G V. 

Furthermore, (V,S) carries the structure of a quantum vertex algebra and the following 
relation holds 

[l®V,S(x)] = —S(x). (3.14) 

ax 

In view of Proposition 13. 8[ the term "non-degenerate quantum vertex algebra" 
without referring a quantum Yang-Baxter operator is non-ambiguous. 

Proposition 3.9. Let U and V be weak quantum vertex algebras and let R(x) be an 
invertible twisting operator for (U, V). Then U ®rV is a weak quantum vertex algebra. 

Proof. From Remark 13 A\ there are linear maps 

S v (x) :U®U^U®U® C((x)) and S v (x) : V ®V -^V ®V ® C((x)) 

such that for u,u' G U, v, v' G V, 

Yu(x)(u g> u) = e xV Y u (-x)S u (-x)(u' ® u), 
Y v (x){v <8> v') = e xV Y v {-x)S v {-x){v' ® v). 

Let u, u' G U, v, v' G V. Using (I2.2ip we get 

Yr{u ® v, x)(u' ® v') 
= (Yu(x) <g> Y v (x))R 2Z (-x)(u ® v ® v! <S> v') 

= (e xV Yu(-x) g> e xV Y v (-x))Slj 2 (-x)a 12 S^(-x)a u R 23 (~x)(u <g> t; <g> it' <g> t/) 

= e -(^ 1 + 1 ^)(y [/ (-x) <g) y v (-x))5 ( ? / 2 (-a:)a 12 ^ 4 (-x) C T 34 J R 23 (-x)(« <g> u ® u' ® t/) 

Setting 

= ( J R" 1 ) 23 (a;)5 1 , 2 (x)a 12 5 34 (x)a 34 J R 23 (x)a 13 a 24 , (3.15) 

a linear map from (Z7 <giR V) <g> (£/ ® R V) to ([/ ®r V) <g> (£/ ®r V) <g> C((x)), we have 

Yr(m ® v, x)(u' ® u') = e x( ^ 1+1 ^ ) y K (-x)5 fl (-x)(M / ® u' ® u g> v). (3.16) 

By Remark 13.41 or by Proposition 13. 2\ U <S>r V is a weak quantum vertex algebra. □ 
Furthermore, we have: 
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Proposition 3.10. Let U and V be weak quantum vertex algebras and let R be an 

invertible twisting operator. Assume that U as a U -module and V as a V -module are 
irreducible and of countable dimension over C. Then U ®_r V as a U ®_r V -module is 
irreducible. Furthermore, U ®r V is a non- degenerate quantum vertex algebra. 

Proof. Recall from fTZTHD that 

Yr(u, x){u' ®v)= Y(u, x)u ® v for u, u G U, v G V. 

It follows that for any subspace A of V, U ® A is a [7-submodule of U ®_r V . As U 
is an irreducible [/-module of countable dimension over C, we have Hom.u(U, U) = C. 
Let P be any U <S>r F-submodule of U ®r V. Using the [/-module structure we get 
P = U (g) A for some vector space A of V. Since 

1 <g> Y(v,x)a = Y R (v,x)(l <S) a) e (U ® A)[[x, x' 1 ]] 

for v G V, a G A C V, we see that A is a \/-submodule. This proves that each U<S>rV- 
submodule of U <S)r V is of the form U <g) A where A is a ^-submodule of V. Since V 
is an irreducible ^-module, U <S)r V as a U ®^ ^-module is irreducible. It follows from 
Theorem 3.9 of |L4j that U ®rV is non-degenerate. On the other hand, by Proposition 
13.91 U ®r V is a weak quantum vertex algebra. Therefore, U ®r V is a non-degenerate 
quantum vertex algebra. □ 



4 Smash product of nonlocal vertex algebras 

In this section, we first slightly generalize the smash product construction of nonlocal 
vertex algebras, established in |L5] . and we then prove that every smash product is a 
twisted tensor product with respect to a canonical twisting operator. 

We begin by recalling from |L5] the basic notions and the smash product construc- 
tion. For convenience, we first recall some necessary classical notions. A coalgebra is a 
vector space C (over C) equipped with linear maps 



A : C -> C <g> C and e : C C, 



satisfying 



(1® A)A(6) = (A® 1)A(6), 

(e <S> 1) A(6) = 1 <S> b, (1 <g) e) A(6) = b <S> 1 

for b G C. For a coalgebra C, a C-comodule is a vector space V equipped with a linear 
map p : V — > C ® V such that 

(l®p)p=(A®lV, (4.1) 
(e® l)p(v) = 1®« for t; 6 y. (4.2) 
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A nonlocal vertex bialgebra is a nonlocal vertex algebra H equipped with a classical 
coalgebra structure (A, e) such that both A and e are homomorphisms of nonlocal 
vertex algebras. That is, 



e(l) = 1, e{Y{h,x)ti) = e(h)e(h'), (4.3) 

A(l) = 1(8)1, A(y(/i,x)/i') = Y(A(h),x)A(ti) for h,tieH. (4.4) 

A nonlocal vertex H -module-algebra is a nonlocal vertex algebra V 7 equipped with a 
module structure for H viewed as a nonlocal vertex algebra such that 

Y(h,x)veV®C((x))(<zV((x))), (4.5) 

Y(h,x)l = e(h)l, (4.6) 

F(/i, x)Y(u, z)v = Y(Y(h\ x - z)u, z)Y(h 2 , x)v (4.7) 



for h G H, u, v G V, where A(h) = h l ®h 2 in the Sweedler notation. Notice that if V 
is infinite-dimensional, which is true most of the time, V <g> C((x)) 7^ V((x)). 
The following is a simple fact that we shall need later: 

Lemma 4.1. Let H be a nonlocal vertex bialgebra and let V be a nonlocal vertex H- 
module- algebra. Then 

Y(h, z + x)Y{ti, z)v = Y(Y(h, x)h', z)v (4.8) 

for h,h'eH, v G V. 

Proof. Let h, h! G H, v G V. There exists a nonnegative integer / such that 

(x + z) l Y(h, x + z)Y(ti, z)v = (x + z) l Y(Y(h, x)h! , z)v. 

(Note that Y(h, x + z)Y(ti, z)v exists in V((x))((z)).) As Y(h', z)v G V <g> C((z)), we 
have 

xi)y(/i', z)u G ® C((z)). 

Then F(/i, z + x)Y(h', z)v exists in V((z))[[x]]. Replace Z with a large one if necessary, 
so that 

4y(/i,Xi)F(/i',z)w G ®C((z)). 

Because of this we have 

(x + z)'F (/1, x + z)Y(ti, z)v = (z + x) l Y(h, z + x)Y(ti, z)v. 

Then 

(z + x)'F(/i, 2 + x)Y(ti, z)v = (x + z) l Y(Y(h, x)ti, z)v. 
Multiplying both sides by (z + x)~ l (g C((z))[[x]]), we obtain the desired relation. □ 
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Definition 4.2. Let H be a nonlocal vertex bialgebra. A nonlocal vertex H-comodule- 
algebra is a nonlocal vertex algebra V equipped with a (left) comodule structure 

p: V ^H®V 

for H viewed as a coalgebra such that p is a homomorphism of nonlocal vertex algebras, 
that is, 

p(l) = l®l, (4.9) 
p{Y(v, x)v') = (Y(x) <8 Y(x))a 23 (p(v) <g> p(t/)) for u, v' G V. (4.10) 

Notice that i/ itself is a nonlocal vertex if-comodule-algebra with p = A. The 
following is a slight generalization of the smash product construction of [L5j (cf. |KL] ) : 

Proposition 4.3. Let H be a nonlocal vertex bialgebra, let U be a nonlocal vertex 
(left) H -module-algebra, and let V be a nonlocal vertex (left) H -comodule-algebra. For 
u,u' G U, v,v' G V, define 

Y§{u®v,x)(u' ®v') = Y(u,x)Y(b 1 (v),x)u' g> Y(v 2 ,x)v', (4.11) 

where p(v) = 6 1 (f) <8> v 2 . Then (U <8 V,Y$, 1<8>1) carries the structure of a nonlocal 
vertex algebra, which we denote by U$V . 

Proof. For u,u' G U, v,v' G V, as Y{b l {y),x)u' G U ® C((x)) from definition, we see 
that x)Y(b 1 (v), x)u' G f/((x)), so that Y${u®v, x){u' ®v') is a well defined element 
of (U (8 V)((x)). Setting u = 1, v = 1, we have 

K tt (l (8 1, (8 «') = Y(l, x)Y(l, x)v! (8 Y(l, x)v' = u'® v', 

as p(l) = 1 (8 1. On the other hand, setting u' = 1, v' — 1, we get 

y,(M®u,a;)(l® 1) = Y(u,x)Y(b 1 (v),x)l^Y(v 2 ,x)l 
= e{b l {v))Y{u,x)l®Y{v 2 ,x)l 
= y(u,x)l <S>Y(v,x)l, 

which implies 

Y*(u®v,x)(l®l) € (U ®V)[[x\] and lim YAu <8 v, x)(l (8 1) = u (8 v. 

x— >0 

For weak associativity, let u,u',u" G J7, v,v',v" G V. Writing 

p( w ) = g) p(u') = b l {v') (8 u /2 , 

we have 

Y t (u (8 v, xi)r fl (u (8 f', a; 2 )(w" <8 «") 
= Y(u, x 1 )Y{b 1 {v),x 1 )Y{u\ x 2 )Y(b 1 (v'),x 2 )u" (8 Y(v 2 , x x )Y(vP, x 2 )v" 
= Y(u, x 1 )Y(Y{b 1 {v)\ xi - x 2 )u', x 2 )Y{b l {v) 2 , x 1 )Y{b 1 {v'), x 2 )u" 
®Y(v 2 ,x 1 )Y(v' 2 ,x 2 )v", 



26 



using (j4.7p . and we have 

F fl (Y t (u <g> z )(u' <g> f '), x 2 ) («" ® u") 
= F s (y(n,zo)y(b 1 (i;),Xo)w , ®F(v 2 ,x )t; , ,x 2 ) 

= F (y(u, x )y(b 1 (v), x K x 2 ) ^(Y^ 2 , x )O, x 2 K ® Y((Y(v 2 , x )v') 2 , x 2 )v" 
= Y (Y(u, x )Y(b 1 (v),x )u', x 2 ) Y(Y(b 1 (v 2 ),x )b 1 (v'),x 2 )u" <g> Y(Y(t; 22 , x K), a^K, 

using (j4.10p . Note that (HTTjl implies 

fe 1 ^) 1 ® ^O) 2 (8) w 2 (8) 6 1 (u') (8) w' 2 = 6 x (u) <S> b l (v 2 ) <g> v 22 <g> b x {v') <g> t/ 2 , 
which is equivalent to 

^(w) 1 <8> ^(f) 2 g> b l {v') g> v 2 ® t/ 2 = 6 x (u) <g> fc 1 ^ 2 ) <8> 6 1 (u / ) g> v 22 <g> u' 2 . 
Then, using Lemma 12.11 we obtain the desired weak associativity relation. □ 

As the main result of this section we have: 
Proposition 4.4. Let H, U, V be given as in Proposition \4-3\ Define a linear map 

R(x) :V ®U ->U ®V g> C((z)) 

by 

R(x)(v ®u)= y(6 1 (v), — x)u ® v 2 for v G V, u G U. 

Then R(x) is a twisting operator for the pair (U,V). Furthermore, we have U$V = 
U® R V. 

Proof. Let u G U, v G V. As p(l) = 1 (g> 1, (e <g> l)p(v) = 1 <E> f , we have 

R(x)(l ®u) = y(l, ® 1 = w <g) 1, 

R(x)(v ® 1) = y(6 1 (v), -ar)l ® w 2 = <g> w 2 = 1 <g> v. 

On one hand, using (14. 10p we have 

R(z)(Y(x) ® = fl(2)(y(t),j;)i)'®!i) 

= y(6 1 (y(^, x)t/), -z)u <g> ^V) 2 

= y (y(b 1 (w), x)b\v'), -z) u ® Y{v 2 ,x)v' 2 , 

noticing that (14. lQj) gives 

b\Y(v, x)v') ® (Y(v, x)v') 2 = Y(b\v),x)b\%/) <g> Y(v 2 , x)v' 2 . (4.12) 
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On the other hand, using Lemma 14.11 we get 

(1 ® Y(x))R l2 (z - x)R 23 {z){v ®v'®u) 

= (i ® y(x))i? 12 (^ - ® y^V)* ® v ' 2 ) 

= (i ® y(x)) (y(6 1 (v), + x)y(6 1 (« / ), ® ^ 2 ® r/ 2 ) 

= y(6», + x)r(6 1 (u'), <8> y(f 2 ,a;)t;' 2 

= y (y(6 x (v), ^ft 1 ^'), -«) « «) y(^ 2 , »y 2 . 

Consequently, we have 

R(z)(Y(x) ®l)(v ® v' ® u) = {I ® Y(x))R 12 (z - x)R 23 (z)(v <g> v' <g> u). 
Similarly, we have 

R(z)(l <g> Y(x))(v ® u <g> v!) 
= R{z){v®Y{u,x)u') 
= Y(b 1 (v),-z)Y(u,x)u ®v 2 
= Y{Y{b\vf, -z - x)u, x)Y(b 1 (v) 2 , -z)v! ® v 2 , 

while 

(Y(x) <g> I)i2 23 («)i2 12 (^ + x){v <g> u <g> u ; ) 
= (y(x) (8) l)i? 23 (2)(F(6 1 (v), -2 - cc)w <g> v 2 <g> «') 
= (y(x) <g> 1) (y(6 1 (f ), -z - x)u <g> Y{b\v 2 ), -z)v! <g> v 22 ) 
= Y (y (&*(«), -2 - a) y^ 1 ^ 2 ), ® t> 22 . 

As 

fe 1 ^) 1 ® fc 1 ^) 2 ® v 2 = ® &V) ® t; 22 

by (14.11) . we have 

R(z)(l g> y(x))(w ® m ® u ; ) = (y(a?) <8> 1)-R 23 (z)-R 12 (.z + ® ii <g> u'). 

This proves that is a twisting operator for the ordered pair (U,V). It follows 

immediately from the definitions that U§V = U ®rV. □ 

We note that the smash product nonlocal vertex algebra U$H, which was studied 
in |L5j . is the twisted product U$V with V specialized to H. In |L5j . some interesting 
examples, related to the vertex operator algebras associated to even lattices and those 
associated to infinite-dimensional Heisenberg algebras, were given. 



28 



I. Anguelova and M. Bergvelt, i^o-Quantum vertex algebras and bicharacters, 
Commun. Contemp. Math. 11 (2009), 937-991. 

B. Bakalov and V.G. Kac, Field algebras, International Mathematics Research 
Notices No.3 (2003), 123-159. 

R. Borcherds, Quantum vertex algebras, Taniguchi Conference on Mathe- 
matics Nara'98, Adv. Stud. Pure Math., 31, Math. Soc. Japan, Tokyo, 2001, 
51-74. 

A. Cap, H. Schichl, J. Vanzura, On twisted tensor products of algebras, Com- 
mun. Algebra 23 (1995), 4701-4735. 

P. Etingof and D. Kazhdan, Quantization of Lie bialgebras, V: Quantum 
vertex operator algebras, Selecta Mathematica (New Series) 6 (2000), 105- 
130. 

M. Karel and H.-S. Li, Some quantum vertex algebras of Zamolodchikov- 
Faddeev type, Commun. Contemp. Math. 11 (2009), 829-863. 

J. Lepowsky and H.-S. Li, Introduction to Vertex Operator Algebras and Their 
Representations, Progress in Mathematics, Vol. 227, Birkhauser, Boston, 
2003. 

H.-S. Li, Regular representations of vertex operator algebras, Commun. Con- 
temp. Mathe. 4 (2002), 639-683. 

H.-S. Li, Axiomatic Gi-vertex algebras, Commun. Contemp. Math. 5 (2003), 
281-327. 

H.-S. Li, Nonlocal vertex algebras generated by formal vertex operators, Se- 
lecta Mathematica (New Series) 11 (2005), 349-397. 

H.-S. Li, Constructing quantum vertex algebras, International Journal of 
Mathematics 17 (2006), 441-476. 

H.-S. Li, A smash product construction of nonlocal vertex algebras, Commun. 
Contemp. Math. 9 (2007) 605-637. 

H.-S. Li and J.-C. Sun, Regular representations of Mobius quantum vertex 
algebras, in preparation. 

H.-S. Li, S. Tan and Q. Wang, Twisted modules for quantum vertex algebras, 
J. Pure Applied Algebra 214 (2010), 201-220. 



29 



[M] S. Majid, Foundations of Quantum Group Theory, Cambridge University 
Press, 1995. 

[PPO] J. Pena, F. Panaite, and F. Oystaeyen, General twisting of algebras, Advances 
in Mathematics 212 (2007), 315-337. 

[VV] A. Van Daele, S. Van Keer, The Yang-Baxter and Pentagon equation, Com- 
positio Math. 91 (1994), 201-221. 



30 



